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a b s t r a c t

The inert-droplet and combustion effects on turbulence in a diluted diffusion flame are investigated using
direct numerical simulation (DNS) through parametric study. The computational configuration is a tem-
porally-developing reacting mixing layer laden with close to 17 � 106 inert evaporating droplets. The gas
phase is described in the Eulerian frame while the discrete droplet phase is traced in the Lagrangian
frame, with strong two-way coupling between the two phases through mass, momentum, and energy
exchange. In the two-way coupling, distributing droplet source terms onto the Eulerian grids is a key
procedure. Different distribution methods are compared to examine its impact on the statistics, including
correlations between droplet source term and gas phase flow variables. The physical parameter consid-
ered is the characteristic droplet evaporation time, which is varied with the latent heat of vapourisation
and plays a crucial role in both dynamic and evaporation effects of droplets on the turbulent reacting
flow. To detail the analysis, the transport equation for the turbulence kinetic energy (TKE) is employed,
in which the droplet contributions are categorised into three terms. The direct droplet and combustion
effects on the TKE and their effects on the turbulence production and dissipation rate, pressure-dilatation
are then scrutinised and compared to analyse the interactions among turbulence, combustion, and inert
droplets in the multi-phase reacting flow.

� 2012 The Combustion Institute. Published by Elsevier Inc. Open access under CC BY license.
1. Introduction

Turbulent multi-phase combustion remains an important and
unresolved subject in combustion science as one of the most chal-
lenging fundamental and practical problems. First, energy conver-
sion is usually related to the transfer of chemical energy to sensible
energy via combustion in a turbulent flow, which is often further
complicated by a dispersed phase such as solid fuel particles or
liquid fuel spray droplets. For instance, liquid fuel injection is
one of the most common procedures in non-premixed combustion
systems such as internal combustion engines and aircraft gas
turbine combustors for road and air transportation. Another
important practical application is pulverised-coal combustion in
coal-fired power stations.

Another type of turbulent multi-phase reacting flow is non-pre-
mixed gas combustion diluted with or suppressed by inert evapo-
rating droplets. It appears in a multiplicity of industrial and
residential applications such as the water-misting, dilution or
injection technique [1–3] and combustion suppression using water
ed by Elsevier Inc.

g Subject Area & Centre for
g and Design, Brunel Univer-

Open access under
sprays/mists [4–6], and is thus practically important and scientifi-
cally interesting. Compared to the concentrated interest in solid-
and liquid-fuel-based combustion, publications on turbulent
multi-phase combustion of this kind are relatively few, despite
its crucial role in the water-injection technique and fire safety
engineering. Due to the distinct role played by the inert droplets,
the combustion physics is completely different from that in spray
combustion with entirely new classes of phenomena. Therefore,
to properly model the multi-phase reacting flow, we must improve
the scientific understanding on the complex multilateral unsteady,
nonlinear interactions among turbulence, combustion, and
droplets.

Over the past several decades, study using high-fidelity
numerical techniques on the interaction between combustion
and turbulence [7] has been active for both premixed [8–10] and
non-premixed [11–13] flames. The turbulent burning velocity
[14] is a typical and important research topic in studying the
complex interactions of turbulence and premixed combustion.
The relationship between turbulent scalar flux and local dilatation
in premixed flames were investigated in [15] using two-dimen-
sional DNS databases involving a multi-step chemical mechanism.
In [16], zone conditional averaging [17] was applied to the DNS
database of a turbulent premixed flame to understand the
mechanism of flame-generated turbulence. The effects of Lewis
 CC BY license.
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number, i.e., differential diffusion rates of heat and mass, on turbu-
lence kinetic energy transport in premixed flames were investi-
gated using DNS database in [18]. For non-premixed combustion,
the effect of combustion-released heat on turbulence has been
scrutinised based on budget analysis of the transport equation of
turbulence kinetic energy using DNS in temporally-developing
mixing layer [19,20], spatially-developing mixing layer [21], and
homogeneous shear turbulence [22].

In parallel to the research on interaction between combustion
and turbulence, interaction between solid particles, liquid droplets
and turbulent flow has also received considerable research interest
due to the ubiquitous phenomenon of gas-solid and gas-liquid
two-phase turbulent flow in engineering combustion devices and
applications. The current state of the research on turbulent dis-
persed multi-phase flow was recently reviewed in [23], with
mechanisms of turbulence modulation due to particles as one of
the main themes.

The preferential concentration [24–26] of particles is a key fea-
ture of particle distribution in turbulent flow and determined by
the ratio of the inertia between the two phases, which is quanti-
fied by the Stokes number St. For the St � 1 particles, the prefer-
ential concentration is most manifest, i.e., particles accumulating
in high-strain-rate regions and avoiding high-vorticity regions.
In liquid-droplet-laden turbulent flows, the preferential concen-
tration has important implication on droplet evaporation and tur-
bulent scalar mixing. As shown in [27], the preferential
segregation of droplets in homogeneous isotropic turbulence is
important for the evolution of global variables such as the mean
mixture fraction Z and mixture fraction fluctuations Z0, which
are the key parameters of non-premixed combustion models. In
a DNS study of reacting droplets interacting homogeneous shear
turbulence [28], the reaction rate is found higher in high-strain-
rate regions due to the preferential concentration of fuel droplets
in those regions.

Due to its capability of resolving the large-scale motion of the
turbulence, the LES methodology for engineering multi-phase
flows has been under active development with the rapid advance
of computational techniques. LES of swirling particle-laden flows
in a coaxial-jet combustor was performed in [29], where the fil-
tered incompressible Navier–Stokes equations were solved and
efficient particle-tracking scheme was developed on unstructured
grids for the complex engineering configuration. In [30], the prob-
abilistic approach [31] was developed for the dispersed phase. It is
based on the transport equation for the spatially filtered joint
probability density function of a set of macroscopic particle vari-
ables. The approach was extended in [32] to incorporate a stochas-
tic subgrid model of particle breakup to simulate spray atomisation
using LES.

Compared to the research on the bilateral turbulence–combus-
tion and turbulence–particles/droplets interactions, publications
on the multilateral turbulence–combustion–particles/droplets
interactions are relatively few. In [28], evaporation and combus-
tion of fuel droplets dispersed in a compressible oxidiser gas were
investigated using DNS in homogeneous shear turbulence. The
particle effects on turbulence and diffusion of reactive species were
studied using DNS in a spatially-developing particle-laden turbu-
lent mixing layer with an isothermal chemical reaction in [33].
DNS was used for fundamental studies of the ignition of two-
dimensional temporally-developing fuel spray jets with detailed
chemical mechanism incorporated in [34]. LES of spray–
turbulence–flame interactions in a lean direct-injection combustor
was performed in [35]. A spray breakup model was employed to
eliminate the need to specify the inflow conditions of the liquid
phase, i.e., droplet sizes and velocities. In [36], ignition and the
subsequent turbulent edge spray flame propagation in fuel-
droplet-laden turbulent mixing layers were studied using DNS.
As can be seen, the complex interactions among the hydrody-
namic turbulence, combustion and a dispersed phase are further
compounded by new physical phenomena if a liquid phase is
engaged. Among others, evaporation is another key phenomenon
which must be prudently considered to fully account for the inter-
actions between the two phases. In addition to all the physical ef-
fects (preferential concentration and turbulence modulation) of
solid particles due to the interphase aerodynamic drag, which
leads to momentum exchange between the phases and governs
particle effects on the turbulent flow, evaporation also causes both
mass and thermal energy exchange between the gas and liquid
phases. For a non-premixed gaseous flame diluted with inert
droplets, mass addition by the third scalar-inert evaporated va-
pour, which is neither the fuel gas nor the oxidiser gas, leads to
the breakdown of mass conservation in the control system of the
gas phase. Therefore the conventional mixture fraction cannot be
directly applied and a new mixture fraction has been proposed
for the system of non-premixed gas combustion diluted with inert
droplets [37]. Compared to the heat transfer due to temperature
difference between solid particles and the carrier phase, the heat
exchange to provide the latent heat of vapourisation for droplet
evaporation could be significant. Meanwhile evaporation causes
the decrease of droplet size and droplets vanish when evaporation
completes, which will alter droplet distribution in and thus droplet
dynamic effects on the flow. Combustion-released heat has been
known as an important mechanism of combustion effect on turbu-
lence [20–22]. Dispersed in the reacting flow, droplets absorb
combustion-released heat to drive evaporation. Therefore the
combustion effects on turbulence will be affected by droplet
evaporation.

Similar to the particle dynamic response time sd which is a
characteristic time scale designating how rapidly particles respond
to flow dynamics, droplet evaporation can be characterised by the
droplet life time or characteristic evaporation time sv, which can
significantly affect the droplet effects, due to both droplet
dynamics and evaporation, on turbulence and consequently the
turbulence–combustion–droplets interactions. The topic of the
effects induced by droplet evaporation on the turbulence–
combustion–droplets interactions has not been sufficiently investi-
gated and will be the main objective of the present study.

Specifically, the objective of this paper is to investigate the in-
ert-droplet effects, including droplet evaporation and momentum
exchange with the carrier phase via the interphase drag, and com-
bustion effects on flow turbulence. A temporal turbulent reacting
mixing layer initially laden with close to 17 � 106 inert droplets
is simulated, with the characteristic evaporation time scale sv as
the key parameter in the parametric study. The transport equation
of the turbulence kinetic energy is employed to detail the analysis,
in which the droplet effects have been classified in three terms, i.e.,
the power due to the interphase drag, the power due to an ‘‘evap-
orating drag’’, and an additional production rate due to evapora-
tion. By integrating the TKE transport equation across the mixing
layer, the redistributive terms which transport, but do not produce
or dissipate, TKE within the flow disappear, and the droplet and
combustion effects on the TKE and their effects on the turbulence
production and dissipation rate, pressure-dilatation are then
scrutinised and compared to analyse the interactions among
turbulence, combustion and inert evaporating droplets in the mul-
ti-phase reacting flow.

To achieve the objective, DNS has been used to numerically
solve the turbulent flow field. Due to the manifest rapid advances
of computational power and numerical algorithms over the past
two decades, a wealth of information, for example high-order cor-
relations between fluctuating quantities, can now be obtained via
high-fidelity numerical simulations and is otherwise unavailable
[38]. In particular, DNS has become a powerful tool to explore
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the complex physics in combustion-related phenomena where
unsteadiness and nonlinearity occur at disparate temporal and
spatial scales. DNS has also been used to develop, validate, and
calibrate advanced engineering models for RANS (Reynolds-Aver-
aged Navier–Stokes) and LES (Large-Eddy Simulation), where aver-
aging techniques have been used to limit the dynamic range of
scales and to obtain the solutions of model equations. Detailed
information must be obtained to develop closures for the unknown
terms generated due to the averaging of nonlinear terms in these
equations, for which DNS is an ideal tool.

Still, since DNS requires a full numerical solution be obtained
from the smallest to the largest of the characteristic scales, DNS
of the instantaneous governing equations can be attempted only
in limited cases. In the present study, the simulations fully resolve
the carrier-phase flow down to the Kolmogorov scale. To resolve
the flow inside and around the droplets in a many-droplet turbu-
lent reacting flow is, however, still far beyond the capacity of
currently available supercomputers. The droplets are thus assumed
as point sources and tracked in the Lagrangian frame as in most of
the published DNS research on turbulent two-phase flows,
whereas the unsteady compressible Navier–Stokes equations used
for the gas phase are solved in the Eulerian frame. The two-way
coupling between the Eulerian gas phase and the Lagrangian drop-
let phase, i.e., obtaining gas variables at the droplet location and
projecting droplet source terms onto the Eulerian grids, in the hy-
brid Eulerian–Lagrangian approach entail additional limitations to
the DNS. Moreover, a dilute fluid-droplet two-phase flow is simu-
lated, where the droplet motion is primarily controlled by the
surface force (interphase drag) and droplet–droplet collisions or
interactions are not considered [39]. Due to the consideration of
computational cost, chemical kinetics is also simplified to an idea-
lised one-step global finite-rate irreversible chemical reaction. A
temporal reacting mixing layer laden with inert droplets has been
chosen as the computational configuration due to its important
prototype value for engineering flow. Meanwhile DNS is tractable
for the simplified yet realistic realisation where complex turbu-
lence–combustion–droplets interactions occur.

The DNS/LES code MultiPLESTaR (Multi-Phase Large-Eddy
Simulation of Turbulence and Reaction) was used to perform the
simulations. The code has been used in a series of DNS/LES studies
on turbulent multi-phase reacting flows [6,37,40–43]. In [41], grid
independence study was performed and excellent agreement of
the statistics was achieved between the cases with different grid
numbers in DNS of inert-droplet-laden temporal reacting mixing
layers.

2. Mathematical formulations and numerical procedures

The fluid dynamics of the gas phase is modelled by the com-
pressible unsteady Navier–Stokes equations. The transport equa-
tions for the fuel gas, oxidiser gas, and evaporated vapour are
used to trace the reactive and inert gas species. The non-dimen-
sional governing equations for the gas phase are as follows:
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In the equations, the subscripts ‘‘g’’ and ‘‘d’’ illustrate a gas or
droplet variable. The symbol ‘‘n’’ stands for fuel ‘‘f’’ or oxidiser
‘‘o’’, ‘‘v’’ for evaporated vapour. q, u, and Y denote density, gas
velocity, and species mass fraction, respectively. ET is the total
energy per unit volume of the gas phase, ET = qg(eg + ug,iug,i/2),
where eg is the internal energy per unit mass of the gas phase, eg =
Tg/[c(c � 1)Ma2] + Yvhv,0. hv,0 is the reference enthalpy for the va-
pour. Sms, Smo,i, and Sen are droplet source terms and will be dis-
cussed later. rij is the viscous stress tensor, rij = 2l/Re(Sij � dij/
3Skk), where l is the molecular viscosity of the gas phase and Sij

the strain rate tensor, Sij = 0.5(@ug,i/oxj + @ug,j/@xi). The heat conduc-
tion flux is qi = �l/[(c � 1)Ma2Pr Re]@Tg/@xi. t, W, and Qm are the
stoichiometric coefficient of the reaction, molecular mass, and
combustion-released heat [20], respectively. The mass diffusion
coefficient D is given by D ¼ l=ðqgReScÞ. The gas pressure p, tem-
perature Tg, and density qg are correlated by the ideal gas law. c, Re,
Ma, Sc, and Pr are the ratio of specific heats, the Reynolds number,
Mach number, Schmidt number, and Prandtl number, respectively.
The Prandtl and Schmidt numbers are both assumed to be
constant, i.e., Pr = Sc = 0.697.

The reaction rate _xT is modelled by the Arrhenius law for a glo-
bal one-step finite-rate irreversible chemical reaction,

_xT ¼ Da
qgY f

W f

� �tf qgYo

Wo

� �to

exp � Ze
Tg

� �
; ð6Þ

where Da and Ze are the Damköhler and Zel’dovich numbers,
respectively.

All the variables and quantities presented in this paper have
been non-dimensionalised using the following reference quanti-
ties: (1) the initial density of the oxidiser stream q�r ¼ q�O;0, (2)
the velocity difference between the fuel and oxidiser stream
u�r ¼ DU�0 ¼ 2U�0, (3) p�r ¼ q�r u�2r , (4) the initial vorticity thickness
of the mixing layer l�r ¼ d�x;0, (5) t�r ¼ l�r=u�r , (6) the initial tempera-
ture of the oxidiser stream T�r ¼ T�O;0, and (7) e�r ¼ h�r ¼ u�2r . The
superscript ‘‘⁄’’ designates a dimensional variable.

As shown by Eqs. (4) and (5), in the present study the fuel and
oxidiser are both in gas phase and have reaction but no evapora-
tion source terms in their transport equations, while the transport
equation of vapour has evaporation but no reaction source terms.
The system is different from spray combustion and characterises
gas combustion diluted with or suppressed by inert droplets.

Droplets are traced in the Lagrangian framework as point
sources in the flow field and have their own governing equations
for mass, momentum and energy, which can be written as
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where md and ~vd are the droplet mass and velocity. The Stokes
number St is defined as the ratio of the droplet dynamic response
time scale to a characteristic large-scale flow time scale, i.e.,

St ¼ s�d
s�g
¼ qdD2

d

18l=Re
; ð10Þ

where Dd is droplet diameter. It is known that the gas transport
property l is a function of gas temperature and thus affected by
combustion-released heat. In the present study the dynamic viscos-
ity l is set to be a constant 1 . Consequently, the Sotkes number St
solely depends on the droplet diameter Dd and the indication of
droplet inertia by the Stokes number is recovered.



Fig. 1. Schematic of the inert-droplet-laden mixing layer. The fuel stream is in the
upper half of the domain with randomly embedded inert droplets and moving in
the positive x direction, while the oxidiser stream in the lower half moving in the
negative x direction with the same velocity magnitude as that of the fuel stream U0.
The initial gas streamwise velocity ug,x, initial fuel and oxidiser mass fraction Yf and
Yo and initial droplet number density nd are prescribed by an error function erf(p1/

2y/dx,0), where dx,0 is the initial vorticity thickness. The initial droplet velocity and
temperature are identical to those of the carrier phase. The letters x, y and z denote
the streamwise, cross-stream and spanwise directions, respectively. The stream-
wise x and spanwise z directions are periodic, and non-reflecting boundary
conditions are applied at the cross-stream boundaries.
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The Sherwood and Nusselt number is denoted as Sh and Nu,
respectively, Sh ¼ 2þ 0:552Re1=2

d Sc1=3 and Nu ¼ 2þ 0:552Re1=2
d

Pr1=3. The droplet Reynolds number Red is defined as
Red ¼ Reqgj~ug �~vdjDd=l. The specific driving potential for mass
transfer HM is defined as HM = ln(1 + BM), where the equilibrium
Spalding transfer number for mass BM is BM = (Ys,eq � Yv,far)/
(1 � Ys,eq). The vapour mass fraction at far field Yv,far is approxi-
mated by Yv at the droplet location. The vapour mass fraction at
the droplet surface Ys,eq is obtained from its molar fraction vs,eq

at the droplet surface, Ys,eq = vs,eq/[vs,eq + (1 � vs,eq)Wg/Wv].
vs,eq = psat/p, where the saturation pressure psat is determined by
the Clausius–Clapeyron law, psat = patm exp[cMa2Wvhfg(1/TB � 1/
Td)]. patm is atmospheric pressure, and TB the normal boiling tem-
perature or the saturation temperature at patm. F

!
drag is the drag

force exerted on droplets by the turbulent reacting flow, and hfg

the latent heat of vapourisation. f is a correction coefficient to
Stokes drag, f ¼ 1þ 0:15Re0:687

d .
The droplet effects on the flow field are modelled by the droplet

source terms shown in Eqs. (1)–(3), (5), which can be written as
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where V is the local volume surrounding a grid point and k the kth
droplet in that volume.

The schematic diagram of the computational configuration, a
temporally-developing inert-droplet-laden reacting mixing layer,
is depicted in Fig. 1. As shown, the fuel and oxidiser streams are
the upper and lower streams, respectively, and move in opposite
directions with equal streamwise speed U0 [43]. The letters x, y, z
or subscript numbers 1, 2, 3 refer to the streamwise, cross-stream
and spanwise directions, respectively. The initial laminar mixing
layer is excited by strong spanwise and streamwise vorticity per-
turbations [43,44]. The computational domain lengths in both
the streamwise and spanwise directions equal four disturbance
wavelengths, i.e., Lx = 4kx and Lz = 4kz, where kz = 0.6kx and
kx = 1.16(2p)dx,0. By setting Ly = 2Lx, the cross-stream domain size
is large enough to have minimal influence on the main interaction
region of the inert-droplet-laden reacting mixing layer. At t0 = 225,
a fully turbulent mixing layer is reached after the roll-up, pairing,
second pairing and transition stages. At t = t0, reaction is enabled
in the droplet-free reacting mixing layer case; for the droplet-laden
counterpart cases, the droplet effect on the flow is disabled before
t = t0 by setting Sms = Smo,i = Sen = 0. The droplets are therefore ‘‘flow
tracer particles’’ until t = t0. Thereafter, both reaction and droplet
effects are enabled. Compared to the widely used configuration
of droplet-laden homogeneous isotropic or shear turbulence in
which a synthetic energy spectrum is used to provide the initial
condition of turbulence, the current computational configuration
is more close to the scenario in realistic combustion systems, for
which DNS is tractable. Spray breakup and atomisation is not sim-
ulated. The focus of the present study is to investigate the turbu-
lence–combustion–droplets interactions in the dilute flow regime
of a fluid-droplet mixture. For this purpose, the same initial condi-
tion of turbulence with identical droplet distribution is arranged
for the parametric study of effects of combustion and inert droplets
with distinct characteristic evaporation time scales on turbulence.
Error functions are prescribed for the initial profiles of the gas
streamwise velocity ug,1, mass fractions of fuel Yf and oxidiser Yo,
and droplet number density nd. The liquid droplets are initially
randomly seeded in the fuel stream according to the specified
number density profile, with initial droplet velocity ~vd;0 and tem-
perature Td,0 identical to the local gas velocity ~ug;0 and ambient
temperature Tg,0, respectively.

For the initial laminar mixing layer, the Reynolds number Re is
Re = 1000 and the convective Mach number Mc = 0.5. The combus-
tion parameters: the Damköhler number Da = 5, Zel’dovich number
Ze = 3, and heat release parameter Qm = 7.5 were chosen to model a
finite-rate diffusion flame without inclusion of radiation calcula-
tions. For the droplets, St0 = 1 and MLR0 = 0.4, where St0 and MLR0

denote the initial Stokes number of droplets, St0 ¼ qd D2
d;0=

ð18l=ReÞ, and initial mass loading ratio, MLR0 = Nd,0md,0/(qg,0LxLyLz/
2) (ratio of the initial droplet mass to the mass of the carrier
stream-fuel), respectively. The initial droplet number in the do-
main is Nd,0 = 16,925,496. The droplet density is qd = 827.8, which
is non-dimensionalised according to the density of water droplets.

As stated, droplet evaporation is dictated by the Clausius–
Clapeyronlaw in the present study. To obtain different characteristic
vapourisation time sv, the latent heat of vapourisation hfg is varied,
as shown in Table 1. In the meantime the normal boiling temper-
ature TB is kept the same as that of water. In Table 1, h1 = HWV

corresponds to the latent heat of vapourisation of water at normal
atmospheric conditions. The other hfg, h0 = HWV/10, was chosen to
perform parametric studies of the evaporation effect of inert



Table 1
Simulation parameters. HWV is the latent heat of vaporisation of water at normal
atmospheric conditions. sv is the characteristic vaporisation time of a droplet
estimated with the initial condition. st is the turbulent-eddy turn-over time estimated
at t = t0, when a fully turbulent mixing layer has been established. ns designates the
times of the application of the smoothing scheme to the droplet source terms
Sms; S

!
mo, and Sen in every time step of DNS. The common parameters include: (1)

flow: Re = 1000, Mc = 0.5, Pr = Sc = 0.697; (2) combustion: Da = 5, Ze = 3, Qm = 7.5; (3)
droplets: St0 = 1, qd = 827.8, Nd,0 = 16,925,496. (4) computational domain: Lx = 4kx,
Ly = 2Lx, Lz = 4kz, and kx = 1.16(2p)dx,0, kz = 0.6kx; (5) grid numbers: nx � ny � nz = 384
� 768 � 232 = 68,419,584.

Cases hfg sv ns

RML – – –
Dhsn1 h0 = HWV/10 sv,0	 st 1
Dhsn2 h0 = HWV/10 sv,0	 st 2
Dhbn0 h1 = HWV sv,1� st 0
Dhbn1 h1 = HWV sv,1� st 1
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droplets on flow turbulence. If the initial condition is used for
estimating sv, i.e., sv = 4.5ScSt0/ln(1 + BM) [45], then sv� st for
h1 = HWV, and sv	 st for h0 = HWV/10. st is the turbulent-eddy
turn-over time. It is approximated by st ¼ �qgk=j�kj at each homo-
geneous plane x � z and the maximal value obtained in the range
�dx/2 6 y 6 dx/2 at t = t0 is taken as st. dx is the vorticity thickness
of the mixing layer. k denotes the Favre-mean turbulence kinetic
energy and �k the turbulence dissipation rate (TDR), i.e.,

k � gu00g;iu
00
g;i=2 and �k � �@u00g;j=@xirij. The Favre mean ~f and fluctua-

tion f00 are defined as ~f � qgf=�qg ¼ hqgf i=hqgi and f 00 � f � ~f , respec-

tively. A Reynolds-averaged variable is denoted as �f or hf i and
obtained in the present study via spatial averaging over homoge-
neous x–z planes.

Due to the hybrid Eulerian/Lagrangian system in which droplets
are approximated as point sources, the two-way coupling between
the two phases involves interpolating gas phase variables at the lo-
cal droplet position and distributing the droplet source terms, Sms,
S
!

mo, and Sen defined in Eqs. (11)–(13), onto the Eulerian grids. The
former is achieved by a 4th-order Lagrange polynomial in the pres-
ent study. While a high-order interpolation scheme such as
Lagrange or Hermite can well achieve its purpose, the projection
of droplet source terms onto Eulerian grids is more difficult in
numerics. Currently there is no consensus on which method is
most suitable. A common procedure is to add the source term of
each individual droplet to its eight nearest neighbour grid points
using a geometrical weighting [27,41,44]. Wang and Rutland [34]
used a procedure which projects the source term farther than on
the nearest nodes. In [41] where the current code in its earlier
version was used, three different methods of droplet source term
repartition were compared, and no systematic difference was
found in the statistics. In the present study, the same smoothing
scheme as in [44] is applied to the droplet source terms after they
are allocated to the Eulerian grids using the above geometrically
weighting method. The Eulerian source terms are then smoothed
using a local procedure whereby the source at each individual grid
node is shifted towards the average on the surrounding six nearest
nodes with the smoothing coefficient Cs set to 0.75 [44], i.e.,

bSi;j;k ¼ ð1� CsÞSi;j;k þ CsSave; ð14Þ
Save ¼
1
6
ðSi�1;j;k þ Siþ1;j;k þ Si;j�1;k þ Si;jþ1;k þ Si;j;k�1 þ Si;j;kþ1Þ; ð15Þ

where Si,j,k and bSi;j;k are the source term before and after the smooth-
ing scheme is applied at the grid point (i, j,k), respectively. As stated
in [44], the smoothing procedure is a conservative scheme, in con-
trast to the high-wavenumber energy truncation associated with
pseudo-spectral simulations or filtering in large-eddy simulation,
both of which result in losses of the coupling terms appearing in
the gas phase transport equations. If the smoothing scheme is not
applied, the droplet source terms are distributed onto the nearest
eight grid points. If it is applied once, then the droplet contribution
affects grid points further away from the nearest eight grid points.
On the analogy of this, if it is applied twice, the droplet effects
spread to more grid points which are further away than those
affected if the smoothing scheme is applied once.

Since correlations between droplet source terms and gas phase
flow variables will be examined, it is vital to first affirm that the
statistics is not dependent on the numerical procedure of how
the droplet source terms are distributed onto Eulerian grids. For
this purpose, we introduce a numerical parameter ns, which indi-
cates how many times the smoothing scheme is applied to the
droplet source terms Sms; S

!
mo, and Sen in every time step of DNS,

in addition to the physical parameter sv in the parametric study.
For the droplet case with small evaporation delay sv,0, it was found
that the smoothing scheme must be applied to attenuate the
spatial ‘‘spottiness’’ of the source terms, which leads to artificial
oscillations in the simulation results as low-dissipation compact
finite-difference schemes are employed [44], and thus to stabilise
the DNS. Therefore ns is set to 1 and 2, with the former case desig-
nated as Dhsn1 and the latter Dhsn2, as shown in Table 1. For big
evaporation delay sv = sv,1, ns is 0 for Case Dhbn0 and 1 for Case
Dhbn1.

In Table 1, special case labels are used to facilitate distinguish-
ing different cases. ‘‘RML’’ designates the droplet-free Reacting
Mixing Layer. The names of all the droplet cases start with the let-
ter ‘‘D’’. The subscript to the second letter ‘‘h’’ illustrates the mag-
nitude of the latent heat of vapourisation, ‘‘s’’ and ‘‘b’’ for ‘‘hfg = h0

(small)’’, ‘‘hfg = h1 (big)’’, respectively. The number following the
next letter ‘‘n’’ indicates the value of ns, i.e., the times of the appli-
cation of the smoothing scheme to the droplet source terms Sms,
S
!

mo, and Sen in every time step of DNS.
The grid numbers used are nx � ny � nz = 384 � 768 �

232 = 68,419,584. The grid spacing is uniform in each direction,
Dx = Dy 
 Dz 
 0.076, and on the order of the Kolmogorov scale
g of the fully developed turbulent mixing layer at t = t0. g is esti-
mated by g ¼ ½ð~m=ReÞ3=ðj�kj=�qgÞ�1=4, where the kinematic viscosity
~m is ~m ¼ �l=�qg. The ratio of the minimal Kolmogorov scale across
the mixing layer to the grid spacing is gmin/max(Dx,Dz) = 0.55 at
t = t0. The initial droplet diameter which corresponds to St0 = 1 is
Dd,0 
 4.66 � 10�3. This is approximately 6.18% of the grid spacing,
therefore the point-source approach is justified. The volume frac-
tion of all the droplets initially embedded in the carrier phase is
MLR0/(qd/qg,0) 
 0.48 � 10�3. It is well below the threshold value
1 � 10�3, above which the turbulence of the carrier phase can be
affected by droplet–droplet collisions [39]. Consequently, the
two-phase flow is a dilute fluid-droplet mixture and droplet–drop-
let interactions can be neglected.

For both the gas and droplet phases, periodic boundary condi-
tions are applied in the streamwise x and spanwise z directions,
while non-reflecting boundary conditions [46] are imposed in the
cross-stream direction y for the gas phase. Droplets are assumed
not to enter the computational domain again if they move out of
the cross-stream boundaries at y = �Ly/2 and y = Ly/2. At t = t0,
98.8% of the initially embedded droplets are retained in the com-
putational domain. The droplet loss at the cross-stream boundaries
is thus negligible.

The spatial derivatives are calculated by a 6th-order compact fi-
nite difference scheme [47]. Time advancement for the gas and
droplet phase is achieved by a 3rd-order explicit Runge–Kutta
method and a first-order quasi-steady-state approach [48],
respectively.
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To trace close to 17 � 106 droplets, the simulations were per-
formed on the UK national high-end supercomputer HECToR using
384 MPI processes.
3. Results and discussion

The effective Reynolds number Rex, defined as Rex = Redx/dx,0,
is Rex = 10,121 for the turbulent mixing layer at t = t0. Figure 2a
exemplifies the turbulent flow using the spanwise and streamwise
vorticity at two boundary planes z = 0 and x = 0 at t = t0. The droplet
distributions at the two planes are shown in Fig. 2b. The selective
droplet locations in the turbulent flow can be seen. The stoichiom-
etric mixture fraction Zst is also shown by bold red lines, indicating
where combustion will take place and where combustion-released
heat will be initiated.

Intense interactions between turbulent combustion and evapo-
rating droplets occur immediately after t = t0. For the droplet-free
reacting mixing layer case RML, the integrated mean reaction rate
across the mixing layer

R
x2

�_xT dx2 is found substantial shortly after
the reaction is enabled (not shown), since the fuel and the oxidiser
are allowed to mix up to t = t0 before combustion occurs. At
t = t0 + 0.1st, the reaction is predominantly controlled by mixing
and thus becomes much weaker. For the droplet cases Dhsn1 and
Dhsn2, droplets evaporate abruptly due to the small characteristic
evaporation time scale sv,0. At t = t0 + 0.1st, the number of residual
droplets in the central region of the turbulent mixing layer
considerably decreases. A stage will be soon attained, in which
the turbulent mixing layer is predominantly affected by vapour
diffusion rather than droplet evaporation [43]. For Cases Dhbn0

and Dhbn1, considerable heat exchange takes place between the
two phases to drive droplet evaporation. At t = t0 + 0.1st, the gas
temperature Tg has been decreased considerably and is approach-
ing the ambient gas temperature Tg,0. In view of the intense inter-
actions among turbulence, combustion, and inert droplets during
Fig. 2. The instantaneous turbulent flow field and droplet distribution at
t = t0 = 225. In (a), the spanwise vorticity xz at the boundary plane z = 0 and the
streamwise vorticiy xx at the boundary plane x = 0 are shown. Twenty contour
levels evenly distributed within the range of [�2.26,2.31] and [�1.94,2.61] are used
for xz and xx, respectively, with solid lines indicating positive values and dashed
lines negative ones. The bold red lines designate the locations of the stoichiometric
mixture fraction Zst in the two planes. In (b), droplets located within half grid
spacing away from the according two planes are shown. The number of droplets
shown at the plane z = 0 and x = 0 is 72,347 and 45,651, respectively. (For
interpretation of the references to colour in this figure legend, the reader is
referred to the web version of this article.)
[t0, t0 + 0.1st], the droplet and combustion effects on turbulence
in this time period is first scrutinised in Section 3.1.

To achieve systematic understanding of the turbulence–
combustion–droplets interactions in the turbulent multi-phase
reacting flow, the statistics in the period t 2 [t0 + 0.9st, t0 + st] is
also obtained to investigate the droplet and combustion effects
on turbulence as the temporally-developing two-phase reacting
mixing layers approach their respective self-similar states. The
analysis is detailed in Section 3.2.

3.1. t 2 [t0, t0 + 0.1st]

To investigate the combustion and droplet effects on turbu-
lence, it is instructive to first examine the turbulence kinetic en-
ergy of the mixing layer for all the cases. For this purpose,
temporal evolution of the TKE integrated across the mixing layerR

x2
�qgkdx2 during t 2 [t0, t0 + 0.1st] is presented in Fig. 3. The

ordinate is normalised by K0 the integrated TKE at t = t0, i.e.,

K0 ¼
R

x2
�qgkdx2

���
t¼t0

¼
R

y
�qgkdy

���
t¼t0

. Both x2 and y indicate the

cross-stream direction. It is clear that the TKEs increase for all
the cases, in part due to the ‘‘combustion-generated turbulence’’
[11,20]. For Cases Dhbn0 and Dhbn1, combustion-released heat is
considerably taken away by the inert droplets to drive evaporation,
as the comparison of the gas temperature field shown in Fig. 4c
with that in Fig. 4a would imply. Consequently, the TKE is found
lower than that for Case RML. On the other hand, the TKEs for Cases
Dhsn1 and Dhsn2 become bigger than that for Case RML, which is
due to other mechanisms and needs further investigation.

To detail the analysis of the effects of combustion, droplet
dynamics and evaporation on flow turbulence, the TKE transport
equation for the multi-phase reacting flow is used, which can be
written as

@

@t
ð�qgkÞ þ @

@xi
ð�qgk~ug;iÞ ¼ �qgu00g;iu

00
g;j
@~ug;i

@xj
� @

@xj

1
2
qgu00g;iu

00
g;iu

00
g;j

� �
� @

@xi
pu00g;i þ p

@u00g;i
@xi
þ @

@xi
u00g;jrij �

@u00g;j
@xi

rij

þ Fdrag;iu00g;i þ Edrag;iu00g;i þ
1
2

_Mdu00g;iu
00
g;i: ð16Þ

In the three droplet-related terms, Fdrag;i, Edrag;i and _Md are de-
fined as
Fig. 3. Temporal evolution of the integrated turbulence kinetic energy in the time
period [t0, t0 + 0.1st]. The abscissa denotes the time, i.e., 0 6 c 6 0.1,t0

6 t 6 t0 + 0.1st. The ordinate is normalised by K0 the integrated TKE at t = t0, i.e.,
K0 ¼

R
x2

�qgkdx2

���
t¼t0

. The solid, dotted, dash-dot, dashed, and dash-dot-dot lines
denote Case RML, Dhsn1, Dhsn2, Dhbn0, and Dhbn1, respectively. The line captions
apply to all the line plots in the paper, unless otherwise specified.



Fig. 4. The temperature contour plots at the central plane in the spanwise direction z = Lz/2 at t = t0 + 0.1st. The same contour range [0.78,2.47] is employed for all the three
cases. Case RML is the reacting mixing layer without droplets. For Case Dhsn1, the latent heat of vaporisation hfg is small and therefore droplet evaporation is intense. For Case
Dhbn0, hfg is big, leading to considerable heat exchange between the two phases.
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Fdrag;i ¼ �
1
V

X
k

Fdrag;k;i ¼ �
1
V

X
k

fk
md;k

Stk
ðug;k;i � vd;k;iÞ

� �
¼ � 1

V

X
k

3p l
Re
� fk � Dd;kðug;k;i � vd;k;iÞ

h i
; ð17Þ
Edrag;i ¼ �
1
V

X
k

½� _md;kðug;i � vd;k;iÞ�

¼ � 1
V

X
k

p l
ReSc

� ShkHM;k � Dd;kðug;i � vd;k;iÞ
h i

; ð18Þ
_Md ¼ Sms ¼ �
1
V

X
k

_md;k: ð19Þ

Similarity can be discovered between Eqs. (17) and (18). Since
Fdrag;i is the aerodynamic drag force, Edrag;i is therefore designated
as the ‘‘evaporating drag’’. As shown by Eq. (16), the direct droplet
effects on turbulence can be categorised in three parts, i.e., the
power due to the aerodynamic drag between the phases, the power
due to the evaporating drag, and an additional production rate due
to evaporation. It is easy to demonstrate that the last term
0:5 _Mdu00g;iu

00
g;i is always positive for evaporation and thus produce

TKE. It should be pointed out that in the present study with
combustion-released heat, condensation of inert evaporated
vapour can be neglected.

In Eq. (16), all the gradient terms, including the mean convec-

tion @ð�qgk~ug;iÞ=@xi, triple correlation �@ 0:5qgu00g;iu
00
g;iu

00
g;j

� �.
@xj, pres-

sure–velocity correlation �@pu00g;i=@xi, and the viscous diffusion

@u00g;jrij=@xi, will not be considered in the analysis, since they redis-
tribute TKE via various mechanisms, but do not produce or dissi-
pate TKE as the other terms do. To exclude the redistributive
terms from the analysis, Eq. (16) is integrated across the mixing
layer. The turbulence production rate �qgu00g;iu

00
g;j@~ug;i=@xj and dissi-

pation rate � @u00g;j=@xi

� �
rij, the pressure-dilation p@u00g;i=@xi, and the

three droplet-related terms will be examined in their integrated
forms to analyse how the turbulence is affected by combustion
and inert evaporating droplets. The integrated TKE transport equa-
tion for the multi-phase reacting flow can be written as:

d
dt

Z
x2

K dx2 ¼
Z

x2

Pk dx2 þ
Z

x2

Uk dx2 þ
Z

x2

�k dx2 þ
Z

x2

Fk dx2

þ
Z

x2

Ek dx2 þ
Z

x2

Mk dx2; ð20Þ

where the turbulence kinetic energy K, production rate Pk, pressure-
dilatation Uk, dissipation rate �k, and the droplet source terms:
power due to aerodynamic drag Fk, power due to ‘‘evaporating drag’’
Ek, and production rate due to evaporation Mk, are defined as

K � 1
2
qgu00g;iu

00
g;i; ð21Þ

Pk � �qgu00g;iu
00
g;j
@~ug;i

@xj
; ð22Þ

Uk � p
@u00g;i
@xi

; ð23Þ

�k � �
@u00g;j
@xi

rij; ð24Þ

Fk � Fdrag;iu00g;i; ð25Þ
Ek � Edrag;iu00g;i; ð26Þ

Mk �
1
2

_Mdu00g;iu
00
g;i: ð27Þ

The definition of �k is rewritten in Eq. (24) to have a complete
list of the definitions of the budget terms in Eq. (20).

Figure 5 presents temporal evolution of the budget terms in the
integrated TKE transport Eq. (20) in the period [t0, t0 + 0.1st]. To
facilitate comparison, the ordinates are normalised by E0 the
magnitude of the integrated turbulence dissipation rate at

t ¼ t0; E0 ¼
R

x2
�k dx2

��� ���
t¼t0

. It can be seen that the pressure-dilata-

tion effect plays a dominant role for the variation of the TKE.R
x2

Uk dx2 is close to one order of magnitude bigger than the

integrated production
R

x2
Pk dx2 and dissipation rate

R
x2
�k dx2. This

is consistent with the results of DNS of a droplet-free reacting mix-
ing layer [20]. The pressure-dilatation contributes mainly



Fig. 5. Temporal evolution of integrated terms in the TKE transport Eq. (20) in the time period [t0, t0 + 0.1st]. The ordinates are normalised by E0 the magnitude of the

integrated turbulence dissipation rate at t = t0, i.e., E0 ¼
R

x2
�k dx2

��� ���
t¼t0

.
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positively to the TKE, although fluctuating around 0. Since the
pressure-dilatation term exchanges energy between internal
energy and turbulence kinetic energy [22], the energy is overall
transferred from internal energy to TKE at strong exothermicity
for all the cases. For the evaporation-intense cases Dhsn1 and Dhsn2,
the magnitude of the term is smaller than for Case RML, followed
by those for Cases Dhbn0 and Dhbn1. Pressure-dilatation is known
to be determined by the combustion-released heat, which is
extracted by the inert droplets to drive evaporation in the present
study. Shown in Fig. 4 are the contour plots of the gas temperature
Tg at the plane z = Lz/2 at t = t0 + 0.1st for Cases RML, Dhsn1, and
Dhbn0. The results of the other two cases Dhsn2 and Dhbn1 are not
shown due to their resemblance to that of Dhsn1 and Dhbn0,
respectively. It can be seen that Tg has been significantly decreased
by the droplets and heat release diminished for Case Dhbn0;
While for Case Dhsn1, the gas temperature is moderated by still
high, leading to stronger pressure-dilatation effect than for Case
Dhbn0.

The pressure-dilatation correlation can be further decomposed
into mechanical work due to mean pressure and pressure fluctua-
tion, i.e., p@u00g;i=@xi ¼ �p@u00g;i=@xi þ p0@u00g;i=@xi. The second term on
the right-hand side was found to be the predominant term for
the pressure-dilatation, showing very similar profile to the
pressure-dilatation and being one order of magnitude bigger than
the first term for all the cases (not shown). Therefore, the pressure-
dilatation is determined by the correlation between the pressure
fluctuation and dilatation, i.e., p@u00g;i=@xi 
 p0@u00g;i=@xi. The droplet
effects on the two terms show similar trends as in Fig. 5c, that is,
diminishing as the gas temperature decreases.

The dilatation or volume expansion can be reflected in the
Favre-mean cross-stream velocity, as exemplified in Fig. 6 at



Fig. 6. The Favre-mean cross-stream gas velocity at t = t0 + 0.05st.
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t = t0 + 0.05st. The positive cross-stream velocity in the upper
stream and negative velocity in the lower stream indicate the
volume is expanding due to the combustion-released heat. The
magnitude of ~ug;2 for Case RML is the biggest, followed by those
for Cases Dhsn1, Dhsn2 and for Cases Dhbn0, Dhbn1 due to dimin-
ished thermal expansion.

For all the droplet-related terms shown in Fig. 5d–f, excellent
agreement between Case Dhsn1 and Dhsn2, and between Case Dhbn0

and Dhbn1, on the statistics of correlations between droplet source
terms ( F

!
drag, E
!

drag, and _Md) and gas velocity fluctuations has been
achieved. This demonstrates that different droplet-source-term
distribution methods have negligible influence on these flow-drop-
let correlation terms. The key difference between the droplet cases
is that for Cases Dhsn1 and Dhsn2, the magnitude of the additional
integrated production rate due to evaporation

R
x2

Mk dx2 is signifi-
cantly bigger than that for Cases Dhbn0 and Dhbn1. The source term
exceeds the magnitude of the integrated pressure-dilationR

x2
Uk dx2 immediately after the reaction and droplet effects are

enabled at t = t0. Clearly, it is
R

x2
Mk dx2 which largely contributes

to the increase of the TKE for Cases Dhsn1 and Dhsn2 in addition
to pressure-dilatation. In contrast,

R
x2

Mk dx2 for Cases Dhbn0 and
Dhbn1 slowly increases towards a small positive value, whose mag-
nitude is negligible compared to that for Cases Dhsn1 and Dhsn2. As
a consequence, the TKE increases but reaches a lower value than
for Case RML with reduced pressure-dilation effect and negligible
additional production rate due to evaporation. In summary, with
the TKE increasing for all the cases, the contribution of the addi-
tional production rate due to evaporation

R
x2

Mk dx2 makes the
TKE the biggest for Cases Dhsn1 and Dhsn2.

For the other two droplet terms
R

x2
Fkdx2 and

R
x2

Ek dx2, the cor-
relation ðug;i � vd;iÞu00g;i appears in both Fk and Ek. In previous DNS
studies of solid-particle-laden incompressible, isothermal flow,
such as homogeneous isotropic [49] and shear [50] turbulence,
the comparisons between the autocorrelation of the turbulent
velocity of the gas phase or the normal turbulent stresses u00g;iu

00
g;i

and the correlation between the turbulent velocity of the gas phase
and that of the droplets u00g;iv 00d;i were scrutinised to reveal the phys-
ical mechanism of particle effects on turbulence. For the current
compressible turbulence with mean shear, strong heat release
and laden with evaporating droplets, inspection of the two correla-
tions leads to the conclusion that the difference between the two
cannot be the sole factor determining the contribution of the two
gas-droplet correlation terms

R
x2

Fk dx2 and
R

x2
Ek dx2 to flow turbu-

lence. The nonlinearity stemming from the correlation among the
evaporation which changes the droplet diameter Dd, droplet
dynamics which is strongly affected by evaporation [42], and flow
turbulence, must be fully taken into account before the modelling
of the mechanical work done by the aerodynamic and evaporating
drags can be attempted, which poses grand challenges for model-
ling the droplet effects on turbulent reacting flow.

Overall, the direct droplet effect due to
R

x2
Fk dx2 is close to one

order of magnitude bigger than the effect due to
R

x2
Ek dx2, compar-

ing Fig. 5e with f.
R

x2
Fk dx2 is on the same magnitude as that of the

integrated production and dissipation rates, which are shown in
Fig. 5a and b, respectively. The magnitude of the integrated power
due to aerodynamic drag

R
x2

Fk dx2 is bigger for Cases Dhbn0 and
Dhbn1, while the magnitude of the integrated power due to evapo-
rating drag

R
x2

Ek dx2 is bigger for Cases Dhsn1 and Dhsn2 initially,
but decreases rapidly towards 0. It is also interesting to note that
the profile of

R
x2

Uk dx2 shown in Fig. 5c is similar to that ofR
x2

Fk dx2 shown in Fig. 5e except for opposite signs for the two
terms. This may imply that the pressure-dilatation effect imposes
direct impact on the mechanical work done by the interphase drag
at strong exothermicity.

The turbulence production rate Pk describes the transfer of
kinetic energy from mean flow to fluctuating motion. For a temporal
mixing layer, the product of the turbulent shear stress �qgu00g;1u00g;2
and the mean shear @~ug;1=@x2 determines the profile of turbulence
production rate. Figure 5a shows that the integrated turbulence pro-
duction rate

R
x2

Pk dx2 decreases for all the cases. The reduction of

turbulence production rate in an exothermic mixing layer was also
found in [19]. The droplets slow the decrease of

R
x2

Pk dx2 due to the

thermal energy exchange between the two phases. Since the differ-
ence of

R
x2

Pk dx2 between the droplet-free and droplet-laden cases

is small, it can be said that the combustion effect is predominant
over the droplet effect on turbulent production rate due to the
strong combustion-released heat during [t0, t0 + 0.1st].

Compared to the slight increase of the integrated turbulence
production rate

R
x2

Pk dx2 due to the droplets as shown in Fig. 5a,
the magnitude of the integrated turbulence dissipation rateR

x2
�k dx2 is considerably increased by the droplets, as shown in

Fig. 5b. It is worth mentioning that in previous papers [37,41,42],
the dissipation rate v of the mixture fraction variance gZ002 was also
found to be enhanced by the droplets.

The turbulence dissipation rate �k can be written as

�k 
 �
@u00g;j
@xi

r00ij ¼ �s00ijr00ij ¼ �2
l
Re

s00ijs
00
ij �

s00iis
00
jj

3

 !
; ð28Þ

where s00ij is the fluctuating component of the strain rate, i.e.,

s00ij ¼ 0:5 @u00g;i=@xj þ @u00g;j=@xi

� �
; r00ij is the fluctuating component of

the stress tensor, r00ij ¼ 2l=Re s00ij � dijs00kk=3
� �

. The Favre-mean com-

ponent of rij has been neglected due to the secondary contribution

of �@u00g;j=@xi ~rij to �k, where ~rij ¼ 2l=ReðeSij � dij
eSkk=3Þ. The Favre-

mean strain rate eSij is eSij ¼ 0:5ð@~ug;i=@xj þ @~ug;j=@xiÞ. Since the
dynamic viscosity l is a constant in the present study, the TDR is
fully determined by the two terms on the right-hand side of Eq.
(28), denoting the squared strain rate magnitude and the squared
dilatation magnitude. The squared dilatation magnitude is equiva-
lent to the dilatation dissipation [51], which was defined to account
for the compressibility effect on TDR.

The temporal evolution of the integrated squared strain rate
magnitude

R
x2

s00ijs
00
ij dx2 and squared dilatation magnitude

R
x2

s00iis
00
jj dx2

is shown in Fig. 7a and b, respectively. Before analysis is furthered,
it should be first pointed out that as shown in Figs. 5b and 7a, the sta-
tistical difference between Case Dhbn0 and Dhbn1 demonstrates that
the times of the application of the smoothing scheme to the droplet

source terms Sms; S
!

mo, and Sen in every time step of DNS, denoted as
ns, affects most the integrated turbulence dissipation rate

R
x2
�k dx2

and squared strain rate magnitude
R

x2
s00ijs
00
ij dx2.



Fig. 7. Temporal evolution of the integrated squared strain rate magnitude and squared dilatation magnitude in the time period [t0, t0 + 0.1st]. The ordinates are normalised
by S0 the integrated squared strain rate magnitude at t = t0, i.e., S0 ¼

R
x2

s00ijs
00
ij dx2

���
t¼t0

.
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As will be shown below, since the St0 � 1 droplets locate in low
vorticity, high strain-rate regions in turbulent flow, the momen-
tum exchange via F

!
drag and the mass addition to the gas phase

via evaporation impose direct impact on strain rate and in turn
on dissipation rate. It can also be seen that the differences ofR

x2
s00ijs
00
ij dx2 and

R
x2
�k dx2 between Case Dhbn0 and Dhbn1 are bigger

than those between Case Dhsn1 and Dhsn2, implying that the
smoothing scheme affects more the coupling between the Eulerian
gas phase and the Lagrangian droplets, if the droplet effects via the
interphase aerodynamic drag on flow strain and dissipation dictate
the coupling as for Cases Dhbn0 and Dhbn1.

As shown in Fig. 3, excellent agreement on the statistics of the
integrated TKE has been achieved between Case Dhsn1 and Dhsn2 as
well as between Case Dhbn0 and Dhbn1. This demonstrates that
first, the turbulence dissipation rate �k is not a leading term which
determines the variation of the TKE, as compared to the pressure-
dilatation and the additional production rate due to evaporation
shown in Fig. 5c and d, respectively. Second, the statistical differ-
ences of the integrated squared strain rate magnitude

R
x2

s00ijs
00
ij dx2

and dissipation rate
R

x2
�k dx2 between the droplet cases, both of

which are below 20%, are acceptable for the study of turbulence–
combustion–droplets interactions in the present study.

After concluding the effect of the parameter ns on the statistics,
we are now continuing the analysis of the effects of combustion
and droplets on turbulence dissipation rate �k, which is determined
by the squared strain rate magnitude s00ijs

00
ij and the squared dilata-

tion magnitude s00iis
00
jj.

In incompressible flow, dilatation is absent. In the current com-
pressible reacting flow, Fig. 7 shows that the integrated squared
dilatation magnitude

R
x2

s00iis
00
jj dx2 is at least one order of magnitude

smaller than the integrated squared strain rate magnitudeR
x2

s00ijs
00
ij dx2, which is augmented by the droplets. Since dilatation

is a quantitative measure of the volume change of fluid elements,
the integrated squared dilatation magnitude

R
x2

s00iis
00
jj dx2 rapidly in-

creases due to thermal expansion for Case RML after reaction is en-
abled, as shown in Fig. 7b. The difference between Case RML and
Case Dhbn0 before t 
 t0 + 0.05st is hardly discernible. Thereafter,R

x2
s00iis
00
jj dx2 becomes smaller for Case Dhbn0, since the gas tempera-

ture has been considerably decreased and the thermal expansion
effect is not as strong as for Case RML. The difference between Case
RML and Dhbn1 becomes evident after t = t0 + 0.02st due to the
application of the smoothing scheme. The difference of the statis-
tics

R
x2

s00iis
00
jj dx2 between Case Dhbn0 and Dhbn1 is small. It is inter-

esting to note that for Case Dhsn1,
R

x2
s00iis
00
jj dx2 increases sharply to

far bigger a value than those for Cases RML, Dhbn0, and Dhbn1.
Comparing Case Dhsn1 with Dhsn2, although a second application
of the smoothing scheme leads to smaller peak of
R

x2
s00iis
00
jj dx2, the

rapid rise of the integrated squared dilatation magnitude to a con-
siderably bigger peak than those for Cases RML, Dhbn0, and Dhbn1,
is also evident. From the continuity equation, it can be easily
shown that @ug,i/@xi = �(1/qg)Dqg/Dt + (1/qg)Sms, where D/Dt is
the material derivative. For Cases Dhbn0 and Dhbn1, droplet evapo-
ration is weak and thus the mass source term Sms is small, the dila-
tation is determined by the gas density, which is largely affected by
thermal expansion after reaction is enabled. For Cases Dhsn1 and
Dhsn2, droplet evaporation is intense and contribute predomi-
nantly to the dilatation.

For Cases Dhsn1 and Dhsn2, the integrated squared strain rate
magnitude

R
x2

s00ijs
00
ij dx2 reaches their first peak shortly after t = t0;

While for Cases Dhbn0 and Dhbn1;
R

x2
s00ijs
00
ij dx2 gradually increases

towards their respective peak. Although the peak magnitudes ofR
x2

s00ijs
00
ij dx2 in Fig. 7a and of

R
x2
�k dx2 in Fig. 5b differ by close to

20% for Cases Dhbn0 and Dhbn1, the peaks appear at similar time
instants, i.e., t = t0 + 0.07st. Overall, the droplet effects on the inte-
grated squared strain rate magnitude show very similar trend to
the droplet effects on the integrated TDR magnitude as shown in
Fig. 5b.

Compared to the combustion effect on the TDR shown in Fig. 5b
for Case RML, the droplet effects on the TDR is much more evident,
i.e., the TDR magnitude has been largely increased by the droplets.
Since TDR is dominated by the squared strain rate magnitude,
physical phenomena that affect the strain rate directly will in turn
have significant effects on TDR. For the turbulent non-premixed
flame in the present study, combustion predominantly takes place
in the vicinity of the iso-surfaces where the mixture fraction Z
equals to the stoichiometric value Z = Zst. The correlation between
Zst and the strain rate is low, i.e., the locations of Zst do not match
those of high strain rate, as Fig. 2a would imply. In contrast, the
St0 = 1 droplets tend to centrifuge from vortical cores and move to-
wards and accumulate in the low vorticity, high strain rate regions
in turbulent flow [24,25,42]. Therefore, as intense evaporation oc-
curs for Cases Dhsn1 and Dhsn2 or momentum exchange with the
carrier phase starts for Cases Dhbn0 and Dhbn1, evaporation and/
or droplet dynamics exhibit much more direct impact on the strain
rate, and in turn on the TDR, compared to combustion.

Although the initial droplet dynamic response time scale is
identical for all the droplet cases, i.e., St0 = 1, their characteristic
evaporation time scales sv are very different. For Cases Dhsn1 and
Dhsn2, sv is small, sv = sv,0, and thus the integrated squared strain
rate magnitude

R
x2

s00ijs
00
ij dx2 rises sharply due to the evaporation

effect. In contrast,
R

x2
s00ijs
00
ij dx2 increases gradually for Cases Dhbn0

and Dhbn1, since the evaporation time scale is large and the
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droplets’ effect on strain rate is dominated by the interphase drag
according to the dynamic response time scale.

Another idealised case has been arranged to ‘‘isolate’’ the evap-
oration and dynamic effects of the droplets on turbulence, in which
the interphase drag was disabled and only the evaporation effect
was retained with the characteristic evaporation time set to sv,0

and ns set to 1. It is confirmed that the initial sharp rise of the inte-
grated squared strain rate magnitude

R
x2

s00ijs
00
ij dx2 for Cases Dhsn1

and Dhsn2 is indeed due to evaporation, since whether or not the
drag term exists shows negligible difference between the idealised
case and Case Dhsn1 up to t = t0 + 0.03st (not shown). Due to rapid
evaporation, considerable amount of droplets continuously disap-
pear. The droplet number Nd is Nd = 16,718,959, 13,823,386
(=82.7% Nd,0), and 11,877,614 (=71.0% Nd,0) at t = t0, t0 + 0.05st,
and t0 + 0.1st, respectively, for Case Dhsn1. Consequently notable
evaporation effect is observed shortly after the reaction and
droplet effects are enabled at t = t0. Thereafter, the integrated
squared strain rate magnitude maintains at the enhanced level
and does not increase further notably for Cases Dhsn1 and Dhsn2.

To further demonstrate the significance of droplet distribution
on droplet evaporation, which imposes direct impact on flow strain
and in turn on the TDR, we show in Fig. 8a a scatter plot of the
vapour mass fraction Yv normalised by its mean hYvi, 0.15, against
the cross-stream vorticity component xy normalised by its root-
mean-square value xy,rms at t = t0 + 0.01st, shortly after the reac-
tion and droplet effects are enabled at t = t0, for Case Dhsn1. Both
Case Dhsn1 and Dhsn2 reach their first peaks of

R
x2

s00ijs
00
ij dx2 close to

t = t0 + 0.01st, as shown in Fig. 7a. The data samples were collected
from the plane y = 0 in the central region of the turbulent mixing
layer. It can be seen that vapour is predominantly generated in
the regions of low vorcitiy due to the preferential concentration
of droplets in these regions. More systematically, Fig. 8b presents
the normalised conditional expectation of Yv against the norma-
lised Pd, the second invariant of the deformation tensor @ug,i/@xj.
It is defined as Pd = �(S2 � 1/4xixi)/2 [25], where S2 is the square
of the magnitude of the strain rate tensor and xi the ith component
of vorticity. It conveniently quantifies high-vorticity-magnitude
regions with Pd > 0 and high-strain-rate-magnitude regions with
Pd < 0 in one plot. The conditional mean ‘‘h�j�i’’ and the mean
‘‘h�i’’ in Fig. 8b were obtained in the central region of the turbulent
mixing layer �dx/2 < y < dx/2. The span of the sample variable Pd

was divided into bins with identical width. It is clear that for Cases
Dhsn1 and Dhsn2 at t = t0 + 0.01st the vapour is predominantly pro-
duced at low vorticity regions where droplets locate and evaporate,
supporting the finding of Fig. 8a. In high strain rate regions as Pd
Fig. 8. (a) Scatter plot of the vapour mass fraction Yv against the cross-stream vorticity c
plane y = 0. The abscissa and ordinate are normalised by xy,rms the root-mean-square
conditional expectation of the mass fraction of vapour Yv against the second invariant of
square of the magnitude of the strain rate tensor and xi the ith component of vorticity. T
Pd > 0. Pd,rms is the root-mean-square value of Pd. The thin dotted and dash-dot lines den
the two cases at t = t0 + 0.07st. The thin dashed and dash-dot-dot lines denote Case Dhb
becomes negative and leaves the origin of the abscissa, the condi-
tional mean hYvjPdi is smaller than the regional mean hYvi, indicat-
ing that at this time the droplets align with low vorticity regions
more than with high strain rate regions, and always avoid the vor-
tical core regions where the vorticity magnitude is high and Pd > 0.

The normalised conditional mean hYvjPdi/hYvi at a later time
t = t0 + 0.07st, when the integrated squared strain rate magnitudeR

x2
s00ijs
00
ij dx2 and the integrated TDR magnitude reach their peak for

Cases Dhbn0 and Dhbn1, is also presented for all the droplet cases.
It shows that the conditional mean hYvjPdi in high vorticity regions
where Pd > 0 is close to the regional mean hYvi. As evaporation
continues, the droplet size decreases and droplets tend to move
towards vortical cores [42]. Vapour is thus produced in these
regions. Turbulent convection and diffusion can be the second
mechanism to raise Yv in these regions according to Eq. (5).
Compared to the high vorticity regions, hYvjPdi increases almost
monotonically as the strain rate magnitude increases, in contrast
to the profiles at t = t0 + 0.01st. This phenomenon can be explained
as follows.

The interaction between the droplets and turbulence is bilat-
eral. The low vorticity or high strain rate regions attract droplets
of St � 1. On the other hand, the strain rate is dictated by the deriv-
ative of the gas velocity. It is expected that either evaporation or
the interphase drag will generate velocity fluctuations, i.e., velocity
gradient, in the turbulent flow, and thus increase the strain rate
magnitude. As the droplets locate in the low vorticity or high strain
rate regions, the effect of enhancing the strain rate magnitude is
profound in comparison with the combustion effect, as shown in
Fig. 7a. The mutual effects between the turbulent flow and evapo-
rating droplets leads to the monotonic increase of hYvjPdi with the
increase of the strain rate magnitude or jPdj.

Comparing Case Dhsn1 with Dhbn0, two major differences can be
seen in the high strain rate regions where Pd < 0 at t = t0 + 0.07st in
Fig. 8b. First, the slope of the curve is steeper for Case Dhbn0, where
evaporation is weak overall and the droplet size does not decrease
significantly (see Fig. 9b). This implies that the tendency that evap-
orated vapour is found in high strain rate regions is more evident
for Case Dhbn0 than for Case Dhsn1. Secondly, the conditional mean
is about twice the regional mean for Case Dhbn0 in the highest
strain rate regions compared to about 1.3 � 1.4 times the regional
mean for Case Dhsn1, further indicating that the vast majority of
evaporation takes place in these regions.

Comparing Case Dhsn1 with Dhsn2, Case Dhbn0 with Dhbn1, it can
be seen that the application of the smoothing scheme to the drop-
let source terms has more direct impact on the statistics in the
omponent xy at t = t0 + 0.01st for Case Dhsn1. Data samples were collected from the
value of xy and the mean vapour mass fraction hYvi, respectively. (b) Normalised
the deformation tensor Pd, which is defined as Pd = �(S2 � 1/4xixi)/2 [25]. S2 is the
he high strain rate regions are thus indicated by Pd < 0 and high vorticity regions by
ote Case Dhsn1 and Dhsn2, respectively, at t = t0 + 0.01st; While the thick lines denote
n0 and Dhbn1, respectively, at t = t0 + 0.07st.



Fig. 9. Contour plots of the mass fraction of vapour Yv and spanwise vorticity xz

superimposed with the instantaneous droplet distribution in a square area
lx � ly = [10,22] � [0.88,12.88] within the plane z = Lz/2 for Cases Dhsn1 and Dhbn0

at t = t0 + 0.07st. Yv is designated by flooded contours and xz by white solid lines.
Droplets are coloured by the magnitude of the instantaneous evaporation rate _md

and sized by mass md. Twenty contour levels evenly distributed within the range of
[0,0.50] for Yv, [�3.27,1.78] for xz and [0,1.18 � 10�5] for j _md j are used in both
figures. For clarity, the reference length scale used for illustrating droplets in (a) is
three times that in (b). (Please note that the initial droplet sizes for the two cases
are identical, i.e., St0 = 1.) (For interpretation of the references to colour in this figure
legend, the reader is referred to the web version of this article.)

Fig. 10. Temporal evolution of the integrated turbulence kinetic energy in the time
period [t0 + 0.9st, t0 + st]. The abscissa denotes the time, i.e., 0.9 6 c 6 1, t0 + 0.9-
st 6 t 6 t0 + st. The ordinate is normalised by K0 the integrated TKE at t = t0.
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high-strain-rate regions Pd < 0 than in high-vorticity regions
Pd > 0 due to the preferential concentration of droplets in high-
strain-rate regions. The overall effect of the smoothing scheme is
to decrease the slope of the curves in the high-strain-rate regions
and the peak value of the normalised conditional mean vapour
mass fraction hYvjPdi/hYvi.

It should be pointed out that although the statistics is affected
by the fewer data samples available at the two extremes of the
range of the sample variable Pd especially for Cases Dhbn0 and Dhb-

n1 at t = t0 + 0.07st, the statistics has shown clear trends for the
cases studied and the physical mechanisms have been identified.

The above analysis is fully supported by the instantaneous
multi-phase flow fields, which are shown in Fig. 9 for Cases Dhsn1

and Dhbn0. The contour plots of Yv and spanwise vorcitiy xz are
presented together with the instantaneous droplet distribution in
a square area lx � ly = [10,22] � [0.88,12.88] within the plane
z = Lz/2 at t = t0 + 0.07st. The instantaneous droplet evaporation
rate _md and droplet size md are also shown to shed crucial light
on the evaporation characteristics for the two cases. Striking differ-
ence of how droplets distribute in the turbulent flow can be seen in
the two figures. For Case Dhsn1, droplets are sparsely dispersed in
the turbulent mixing layer and almost depleted due to rapid evap-
oration. Only those accumulated in low vorticity regions can sur-
vive. Otherwise, they vanish quickly due to big evaporation rate,
as shown in Fig. 9a. In contrast, for Case Dhbn0, droplets distribute
more densely and more uniformly in low vorticity regions, with
solitary droplets found here and there. Much less vapour is pro-
duced than that for Case Dhsn1 due to the much larger evaporation
time scale sv,1. The vorticity contours are closer to each other and
more uneven than in Fig. 9a, designating that more gradients and
fluctuations in the vorticity field have been produced by droplets
mainly due to the interphase drag in Fig. 9b than those produced
by droplets mainly due to evaporation in Fig. 9a at this time.
Through comparison, Fig. 9 clearly shows the difference between
the droplet dynamic effect and evaporation effect on the turbulent
reacting flow.
3.2. t 2 [t0 + 0.9st, t0 + st]

The temporal evolution of the integrated TKE across the mixing
layer

R
x2

�qgkdx2 is shown in Fig. 10 to demonstrate the inert-drop-
let and combustion effects on turbulence as the simulation time
approaches one turbulent-eddy turn-over time st after the droplet
and/or reaction effects are enabled. To facilitate the comparison,
the ordinate is normalised by K0 the integrated TKE at t = t0. It
can be seen that all the reacting mixing layers are approaching
self-similar state. The integrated TKEs become smaller than the ini-
tial value K0 for all the cases. Different from Fig. 3, the TKEs for
Cases Dhbn0 and Dhbn1 become the biggest, followed by those for
Cases Dhsn1 and Dhsn2, and then that for Case RML. Similar to
Fig. 3, the integrated TKE shown in Fig. 10 is statistically indepen-
dent of ns, i.e., the times of the application of the smoothing
scheme to the droplet source terms for droplet cases.



Fig. 11. Temporal evolution of the integrated budget terms in the TKE transport Eq. (20) in the time period [t0 + 0.9st, t0 + st]. The ordinates are normalised by E0 the
magnitude of the integrated turbulence dissipation rate at t = t0.
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For Cases RML, Dhsn1, and Dhsn2, the magnitude of the
integrated turbulence production rate

R
x2

Pk dx2 approximately
maintains after the heat of combustion is strongly released during
[t0, t0 + 0.1st]. For Cases Dhbn0 and Dhbn1;

R
x2

Pk dx2 gradually grows
towards the approximately constant value shown in Fig. 11a. The
magnitude of the integrated turbulence dissipation rate

R
x2
�k dx2

slowly decreases towards the approximately constant value shown
in Fig. 11b for all the cases. Droplets, especially for Cases Dhbn0 and
Dhbn1, slow the decrease of j

R
x2
�k dx2j. Since the magnitude of the

integrated dissipation rate (dominant sink) outweighs the inte-
grated production rate (dominant source) for Cases RML, Dhsn1,
and Dhsn2, the integrated TKE decreases towards the value shown
in Fig. 10. While for Cases Dhbn0 and Dhbn1, the overturn of
magnitude by

R
x2

Pk dx2 over
R

x2
�k dx2

��� ��� makes the decreased inte-
grated TKE grow again towards the value shown in Fig. 10, which
is close to K0 the initial integrated TKE at t = t0.

To investigate the physical mechanism of the TKE variation, the
temporal evolutions of the integrated production, dissipation rates
and pressure-dilatation during [t0 + 0.9st, t0 + st] are shown in
Fig. 11. The droplet source terms in Eq. (20) are not presented,
since their magnitudes are at least two orders of magnitude
smaller than the turbulence production and dissipation rates. The
ordinates are normalised by E0 the magnitude of the integrated
turbulence dissipation rate at t = t0. It can be seen that the statisti-
cal difference between Case Dhsn1 and Case Dhsn2 is negligible,
while the difference between Case Dhbn0 and Case Dhbn1 for the
turbulence production rate

R
x2

Pk dx2 is about 7%. Different from
Fig. 5c, in which the integrated pressure-dilatation is a dominant
term during [t0, t0 + 0.1st], the pressure-dilatation effect shown in
Fig. 11c is one order of magnitude smaller than the integrated tur-
bulence production and dissipation rates during [t0 + 0.9st, t0 + st],
as the combustion-released heat decreases and thus the thermal
expansion effect diminishes. For all the cases, the integrated
pressure-dilatation correlation
R

x2
Uk dx2 fluctuates around 0,

transferring energy between internal energy and turbulence
kinetic energy.

Since the integrated production rate
R

x2
Pk dx2 indicates the

growth rate (or the time derivative of the momentum thickness)
of a temporal mixing layer [20,52], the approximately constant
integrated turbulence production rates

R
x2

Pk dx2 for all the cases
shown in Fig. 11a prove that the droplet-free and droplet-laden
reacting mixing layers are approaching their respective self-simi-
larity as the time approaches t0 + st. For the droplet-free reacting
mixing layer case RML, the integrated turbulence production rate
approximately balances the integrated turbulence dissipation rate,
i.e.,

R
x2

Pk dx2 

R

x2
�k dx2. For Dhsn1 and Dhsn2 where the evapora-

tion delay is small, i.e., sv;0 	 st;
R

x2
Pk dx2 and

R
x2
�k dx2 are very

close to each other. However for Cases Dhbn0 and Dhbn1, the mag-
nitude of

R
x2

Pk dx2 is bigger than that of
R

x2
�k dx2, which leads to

the integrated TKE slowly increasing (see Fig. 10).
In Fig. 11b, the magnitude of the integrated turbulence dissipa-

tion rate
R

x2
�k dx2 is about 1/3 of E0 its initial value at t = t0 for Case

RML as the interaction time approaches st. The magnitude ofR
x2
�k dx2 for Cases Dhsn1 and Dhsn2 is bigger than that for Case

RML. For Cases Dhbn0 and Dhbn1;
R

x2
�k dx2

��� ��� is close to twice that

for Case RML. The physical mechanisms of the increase of turbu-
lence dissipation rate due to droplets have been discussed in
Section 3.1, i.e., droplets increase the strain rate magnitude via
interphase aerodynamic drag for Cases Dhbn0 and Dhbn1 or evapo-
ration for Cases Dhsn1 and Dhsn2 due to their preferential concen-
tration in low vorticity, high strain-rate regions. Due to sv,1� st

for Cases Dhbn0 and Dhbn1, considerable amount of droplets can
still be found in the central region of the turbulent mixing layer
as t ? t0 + st. Therefore the droplet dynamic effect on flow strain
continues. As Fig. 12a demonstrates, the integrated squared strain



Fig. 12. Temporal evolution of the integrated squared strain rate magnitude and squared dilatation magnitude in the time period [t0 + 0.9st, t0 + st]. The ordinates are
normalised by S0 the integrated squared strain rate magnitude at t = t0.
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rate magnitude
R

x2
s00ijs
00
ij dx2 for Cases Dhbn0 and Dhbn1 is close to

twice bigger than that for Case RML, similar to the trend discovered
in Fig. 11b for

R
x2
�k dx2. For Cases Dhsn1 and Dhsn2, however, drop-

lets are significantly depleted due to the small evaporation delay,
i.e., sv,0	 st. Consequently the droplet effects on the strain rate
magnitude and TDR are weak, and the magnitudes of

R
x2

s00ijs
00
ij dx2

and
R

x2
�k dx2 for Cases Dhsn1 and Dhsn2 are only marginally bigger

than those for Case RML.
Compared to Fig. 7b in which the integrated squared dilatation

magnitude
R

x2
s00iis
00
jj dx2 is one order of magnitude smaller than the

integrated squared strain rate magnitude
R

x2
s00ijs
00
ij dx2,

R
x2

s00iis
00
jj dx2 is

two orders of magnitude smaller than
R

x2
s00ijs
00
ij dx2 in Fig. 12b, indi-

cating that the compressibility effect due to thermal expansion
by combustion is small for all the cases and the TDR is fully
determined the strain rate magnitude. It is worth mentioning that
different from Fig. 7, the statistics between Case Dhsn1 and Dhsn2,
and between Case Dhbn0 and Dhbn1, agrees well with each other
in Fig. 12. The impact of the numerical parameter ns on the statis-
tics of

R
x2

s00ijs
00
ij dx2 and

R
x2
�k dx2 becomes negligible as t ? t0 + st.

It then becomes vital to understand the physical mechanism of
the variation of the integrated turbulence production rate

R
x2

Pk dx2,
which largely determines the difference of the TKE among the
Fig. 13. Temporal evolution of the integrated Reynolds shear stressR
x2

R12 dx2 ¼
R

x2
qgu00g;1u00g;2 dx2 in the time period [t0 + 0.9st, t0 + st]. The ordinate is

normalised by R0 the magnitude of the integrated Reynolds shear stress at t = t0, i.e.,

R0 ¼
R

x2
R12 dx2

��� ���
t¼t0

.

cases as the simulation time approaches one turbulent-eddy
turn-over time t ? t0 + st.

It is clear that compared to the mean streamwise velocity gra-
dient across the mixing layer @~ug;1=@x2, other mean velocity deriv-
atives can be neglected. As a consequence, the product of the
Reynolds shear stress R12 � qgu00g;1u00g;2 and the mean streamwise
velocity gradient @~ug;1=@x2 determines the turbulence production
rate Pk. It was found that the Reynolds shear stress R12 dominates
the variation of the turbulence production rate. As shown in
Fig. 13, the normalised magnitudes of the integrated Reynolds
shear stress

R
x2

R12 dx2 for Cases Dhbn0 and Dhbn1 are considerably

bigger, and tend to continuously increase, than those for the
droplet-free reacting mixing layer RML and the other two droplet
cases Dhsn1 and Dhsn2 in the time period [t0 + 0.9st, t0 + st].R

x2
R12 dx2

��� ��� for Cases Dhsn1 and Dhsn2 is marginally bigger than that

for Case RML. For RML, Dhsn1, and Dhsn2;
R

x2
R12 dx2

��� ��� is smaller

than R0 the magnitude of the integrated Reynolds shear stress at

t = t0, i.e., R0 ¼
R

x2
R12 dx2

��� ���
t¼t0

. While for Cases Dhbn0 and

Dhbn1;
R

x2
R12 dx2

��� ��� > R0 is found in [t0 + 0.9st, t0 + st].

To detail the analysis of the variation of the Reynolds shear
stress R12, the transport equation for the Reynolds stress tensor
qgu00g;iu

00
g;j is used. It can be written as follows:

@

@t
qgu00g;iu

00
g;j þ

@

@xk
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00
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� �
� @
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00
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00
g;k

� @

@xj
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@

@xi
pu00g;j

� �
þ 2ps00ij þ

@

@xk
u00g;irkj þ u00g;jrki

� �
�

@u00g;i
@xk

rkj þ
@u00g;j
@xk
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 !
þ Fdrag;iu00g;j þ Fdrag;ju00g;i
� �

þ Edrag;iu00g;j þ Edrag;ju00g;i
� �

þ _Mdu00g;iu
00
g;j: ð29Þ

The integrated transport equation for the Reynolds stress reads

d
dt

Z
x2

Rij dx2 ¼
Z

x2

Pij dx2 þ
Z

x2

Uij dx2 þ
Z

x2

�ij dx2 þ
Z

x2

Fij dx2

þ
Z

x2

Eij dx2 þ
Z

x2

Mij dx2; ð30Þ

where the tensor variables, the Reynolds stress Rij, production rate
Pij, pressure-strain Uij, dissipation rate �ij, and the droplet source
terms Fij, Eij, and Mij are defined as



Fig. 14. Temporal evolution of integrated terms in the transport Eq. (30) for the Reynolds shear stress R12 in the time period [t0 + 0.9st, t0 + st]. The ordinates are normalised by
E12,0 the integrated dissipation rate of the Reynolds shear stress at t = t0, i.e., E12;0 ¼

R
x2
�12 dx2jt¼t0

.

Fig. 15. Temporal evolution of the time derivative of
R

x2
R12 dx2 in the time period

[t0 + 0.9st, t0 + st]. It is obtained using d=dt
R

x2
R12 dx2 


R
x2
ðP12 þU12 þ �12 þ F12Þdx2,

and normalised by E12,0 the integrated dissipation rate of the Reynolds shear stress
at t = t0.
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Rij � qgu00g;iu
00
g;j; ð31Þ

Pij � � qgu00g;iu
00
g;k

@~ug;j

@xk
þ qgu00g;ju

00
g;k

@~ug;i

@xk

� �
; ð32Þ

Uij � 2ps00ij; ð33Þ

�ij � �
@u00g;i
@xk

rkj þ
@u00g;j
@xk

rki

 !
; ð34Þ

Fij � Fdrag;iu00g;j þ Fdrag;ju00g;i; ð35Þ
Eij � Edrag;iu00g;j þ Edrag;ju00g;i; ð36Þ

Mij � _Mdu00g;iu
00
g;j: ð37Þ

Temporal evolution of the integrated shear-stress production
rate

R
x2

P12 dx2, dissipation rate
R

x2
�12 dx2, pressure-strain

R
x2

U12

dx2, and power due to interphase aerodynamic drag
R

x2
F12 dx2 for

the integrated Reynolds stress
R

x2
R12 dx2 in the time period

[t0 + 0.9st, t0 + st] are shown in Fig. 14. The ordinates are norma-
lised by E12,0 the integrated dissipation rate of the Reynolds shear
stress at t = t0, i.e., E12;0 ¼

R
x2
�12 dx2jt¼t0

. The other two droplet
terms

R
x2

E12 dx2 and
R

x2
M12 dx2 are not shown due to their negligi-

ble contributions. Since R12 is negative, a source term to R12 is neg-
ative and a sink term positive. In all the sub-figures, the term
magnitudes for Cases Dhbn0 and Dhbn1 are considerably bigger
than those for Cases Dhsn1 and Dhsn2, which are marginally bigger
than those for Case RML. It is interesting to note that in Fig. 14, the
integrated shear-stress production rate and pressure-strain corre-
lation are the leading source and sink terms, respectively, whileR

x2
F12 dx2 for Cases Dhbn0, Dhbn1 and the integrated shear-stress

dissipation rate act as source and sink terms, and are one order
of magnitude smaller than the respective leading term. The direct
droplet effect on flow strain due to the preferential concentration
of the St0 
 1 droplets, as shown in Figs. 7a and 12a, imposes piv-
otal consequence on the integrated pressure-strain

R
x2

U12 dx2 for
Cases Dhbn0 and Dhbn1. In Fig. 14d,

R
x2

F12 dx2 is very close to 0
and thus negligible for Cases Dhsn1 and Dhsn2, while for Cases Dhb-

n0 and Dhbn1 the magnitude of
R

x2
F12 dx2 is close to twice the inte-

grated dissipation rate
R

x2
�12 dx2.
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To better show the importance of the integrated power term
due to the interphase drag

R
x2

F12 dx2, the sums of the four terms
shown in Fig. 14 for all the cases are obtained and shown in
Fig. 15, after normalised by E12,0. It can be seen that for Cases
RML, Dhsn1, and Dhsn2, the sums fluctuate around 0. The integrated
Reynolds shear stresses therefore do not have a mechanism to
monotonically increase or decrease, but maintain at a certain level
and are approaching their self-similarity (see Fig. 13). For Cases
Dhbn0 and Dhbn1, it is

R
x2

F12 dx2 which keeps the time derivative
d=dt

R
x2

R12 dx2 negative as the time approaches t0 + st. Despite the
(acceptable) statistical difference between Case Dhbn0 and Dhbn1,
it is clear that the magnitude of d=dt

R
x2

R12 dx2 is equivalent to
E12,0 due to the droplet contribution

R
x2

F12 dx2 during [t0 + 0.9st, -
t0 + st]. Consequently, the magnitude of

R
x2

R12 dx2 continuously
and slowly increases, as shown in Fig. 13.

It now becomes clear that since the droplet evaporation delay
sv,1 is big in comparison with the integral turbulence time scale
st for Cases Dhbn0 and Dhbn1, the droplet dynamic effect due to
the aerodynamic drag

R
x2

F12 dx2 plays a vital role in temporal evo-
lution of the integrated Reynolds shear stress

R
x2

R12 dx2, i.e., the
increase of its magnitude with time, although

R
x2

F12 dx2 is one
order of magnitude smaller than the leading source term-the
shear-stress production rate

R
x2

P12 dx2 and the leading sink term-
the integrated pressure-strain

R
x2

U12 dx2. The increased magnitude
of R12 in turn enhances the turbulence production rate Pk, which is
determined by the product of the Reynolds shear stress R12 and the
cross-stream derivative of the mean streamwise velocity @~ug;1=@x2.
Continuous increase of the integrated turbulence production rateR

x2
Pk dx2 makes its magnitude exceed the integrated turbulence

dissipation rate
R

x2
�k dx2 for Cases Dhbn0 and Dhbn1, which leads

to the integrated TKE considerably bigger than those for the other
cases, as shown in Fig. 10. For the droplet cases Dhsn1 and Dhsn2

with small evaporation delay (sv,0	 st), there is not a continuous
source term for the Reynolds shear stress R12. Therefore the turbu-
lence production and dissipation rates approximately balance each
other, which is similar to the scenario for Case RML. The reacting
mixing layers thus approach their self-similar states when the
simulation time approaches one turbulent-eddy turn-over time st.

The impact of ns on the statistics has been presented in each fig-
ure. It can be seen that there is no statistical difference between
Case Dhsn1 and Case Dhsn2 in all the figures. For Cases Dhbn0 and
Dhbn1, the difference is generally more noticeable, but the analysis
and findings of the inert-droplet and combustion effects on turbu-
lence in this section are not affected by the discrepancy in statistics.
Overall, Fig. 10 shows the difference of

R
x2

K dx2 between Dhsn1 and
Dhsn2, and between Dhbn0 and Dhbn1, are both negligible after the
simulations run over one turbulent-eddy turn-over time st.

4. Summary and conclusions

Direct numerical simulation has been performed to investigate
the effects of combustion, droplet evaporation and dynamics on
flow turbulence in a diluted diffusion flame through parametric
study. To achieve systematic understanding of droplet and com-
bustion effects on turbulence, the analysis is detailed in two time
intervals, i.e., t 2 [t0, t0 + 0.1st] immediately after the intense turbu-
lence–combustion–droplets interactions occur at t = t0 = 225 when
a fully turbulent mixing layer has been established, and
t 2 [t0 + 0.9st, t0 + st] as the temporally-developing two-phase
reacting mixing layers approach self-similarity after the simula-
tions run over one turbulent-eddy turn-over time st.

In [t0, t0 + 0.1st], the turbulence kinetic energy increases for all
the cases. For the droplet cases Dhbn0 and Dhbn1 with big latent
heat of vaporisation hfg, the TKE is found lower than that in the
droplet-free reacting mixing layer RML; While for Cases Dhsn1
and Dhsn2 with small hfg, the TKE is higher than that for Case
RML. Through the budget analysis of the TKE transport equation,
it was found that the predominant contribution comes from the
pressure-dilatation effect, which is determined by combustion-
released heat. For Cases Dhbn0 and Dhbn1, the gas temperature is
decreased considerably by the inert droplets through heat ex-
change to drive evaporation and the pressure-dilatation effect
diminished, leading to the lower TKE for the two cases. For Cases
Dhsn1 and Dhsn2, intense evaporation leads to one of the droplet
source terms in the TKE equation, i.e., the additional production
rate due to evaporation, predominantly big and on the same mag-
nitude as the pressure-dilatation initially. As a consequence, the
TKE becomes the biggest for Dhsn1 and Dhsn2 among all the cases.

The turbulence dissipation rate is determined by the squared
strain rate magnitude and the squared dilatation magnitude-dila-
tation dissipation, the former of which is the main contribution
to the turbulence dissipation rate for all the cases. The droplets
increase the strain rate magnitude mainly due to the evaporation
effect for Cases Dhsn1 and Dhsn2, where the characteristic evapora-
tion time scale sv is small and thus evaporation is rapid, and mainly
due to the interphase drag for Cases Dhbn0 and Dhbn1, where sv is
big and thus evaporation is slow. The droplet effects on the turbu-
lence dissipation rate is more profound than the combustion effect
due to the preferential concentration of the St0 = 1 droplets in low
vorticity, high strain rate regions, which facilitates the augmenta-
tion of the strain rate magnitude through either evaporation or
interphase drag and in turn the increase of the magnitude of turbu-
lence dissipation rate. The instantaneous fields of interactions
between the turbulent reacting flow and inert evaporating drop-
lets, and the statistics of conditional expectation of the vapour
mass fraction Yv against the second invariant of the deformation
tensor Pd substantiate the analysis.

As the simulation time approaches one turbulent-eddy turn-
over time st, the integrated TKE for Cases Dhbn0 and Dhbn1 be-
comes the biggest among all the cases, although for all the cases
the integrated TKE is lower than the initial value K0 at t = t0. Among
the budget terms in the transport equation of the integrated TKE,
the droplet contributions are insignificant, and the integrated
pressure-dilatation is one order of magnitude smaller than the
integrated turbulence production rate

R
x2

Pk dx2 and dissipation

rate
R

x2
�k dx2 due to diminished combustion-released heat, in con-

trast to the situation during [t0, t0 + 0.1st] when combustion-re-
leased heat is intense after reaction is initiated. For the droplet-
free reacting mixing layer RML and the droplet cases Dhsn1 and
Dhsn1 with small evaporation delay (and therefore virtually no
droplets present in the central region of the turbulent mixing
layer),

R
x2

Pk dx2 and
R

x2
�k dx2 are equivalent or very close to each

other in magnitude; While for Cases Dhbn0 and Dhbn1;R
x2

Pk dx2 >
R

x2
�k dx2

��� ��� is found.

The droplet effect on turbulence dissipation rate due to the
preferential concentration of the St � 1 droplets continues for
Cases Dhbn0 and Dhbn1 due to sv,1� st, while for Cases Dhsn1

and Dhsn2 the droplet effect virtually vanishes compared to that
in [t0, t0 + 0.1st], since the vast majority of the droplets has com-
pleted evaporation due to sv,0	 st and vanishes from the central
region of the turbulent reacting mixing layer.

From the budget analysis of the transport equation of the inte-
grated Reynolds shear stress

R
x2

R12 dx2, it was found that for Cases
Dhbn0 and Dhbn1 the integrated power term due to the interphase
drag

R
x2

F12 dx2 plays a determining role in enhancing
R

x2
R12 dx2,

although its magnitude is smaller than those of the integrated
shear-stress production rate

R
x2

P12 dx2 (the leading source) and
pressure-strain

R
x2

U12 dx2 (the leading sink) by one order. The
increase of the magnitude of

R
x2

R12 dx2 in turn augments the turbu-
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lence production rate Pk. Since the integrated turbulence produc-
tion rate

R
x2

Pk dx2 exceeds the integrated turbulence dissipation
rate

R
x2
�k dx2 in magnitude, the integrated TKE for Cases Dhbn0

and Dhbn1 becomes the biggest among all the cases during
[t0 + 0.9st, t0 + st].

Since the hybrid Eulerian–Lagrangian approach is adopted,
different methods of distributing droplet source terms onto the
Eulerian grids are compared to affirm that the findings in the
present study are not dependent on the procedure of source term
determination. Specifically, the effect of the times of the applica-
tion of a smoothing scheme to the droplet source terms Sms; S

!
mo,

and Sen in every time step of DNS, ns, on the statistics is scrutinised.
The numerical parameter ns practically decides the local Eulerian
grid nodes adjacent to a droplet to which the source term is allo-
cated using the conservative smoothing scheme. Overall, for the
statistics of the integrated TKE, negligible discrepancy between
the droplet cases Dhsn1 and Dhsn2, Dhbn0 and Dhbn1, is seen in both
of the time intervals [t0, t0 + 0.1st] and [t0 + 0.9st, t0 + st]. Statistics
of correlations between droplet source term and gas phase flow
variables also agrees well between Dhsn1 and Dhsn2, Dhbn0 and
Dhbn1. Notable difference is found for the statistics of the inte-
grated squared strain rate magnitude

R
x2

s00ijs
00
ij dx2 and integrated

turbulence dissipation rate
R

x2
�k dx2 during [t0, t0 + 0.1st] when in-

tense interactions between the turbulent reacting flow and inert
evaporating droplets occur. Difference is also found for the statis-
tics of the integrated turbulence production rate

R
x2

Pk dx2, the inte-
grated Reynolds shear stress

R
x2

R12 dx2, and the budget terms in the
transport equation for

R
x2

R12 dx2 between Case Dhbn0 and Dhbn1

during [t0 + 0.9st, t0 + st]. All the statistical differences are mainly
due to the preferential concentration of the St � 1 droplets in low
vorticity, high strain rate regions. Even so, the statistical difference
is acceptable in the way that the analysis and findings in the pres-
ent study are not affected by the discrepancy.

Concluding the present study, the combustion effect felt by
pressure-dilatation at strong exothermicity plays a key role in
the variation of TKE. Combustion-released heat also reduces turbu-
lence production rate. Compared to the combustion effect, the
droplet effect is secondary, when strong heat is released from com-
bustion, on pressure-dilatation and turbulence production rate.
The role of the droplets is to reduce gas temperature via thermal
energy exchange between the two phases, and thus reduce the
combustion effect on pressure-dilatation and turbulence produc-
tion rate. For the droplets with small evaporation delay, the droplet
effect via the additional production rate due to evaporation com-
petes with pressure-dilatation due to combustion-released heat,
and contributes as a dominant source to the variation of TKE. For
turbulence dissipation rate that is determined by the strain rate
magnitude and dilatation magnitude, droplets have strong effect
on strain rate due to the preferential concentration of the droplets
in low vorticity, high strain-rate regions, and combustion mainly
affects dilatation. For the compressible reacting mixing layer stud-
ied in the present study, the dilation magnitude is small compared
to the strain rate magnitude even at strong exothermicity. There-
fore the droplets take the dominant role in affecting turbulence
dissipation rate in comparison with combustion, i.e., largely
increasing its magnitude. As the two-phase turbulent reacting mix-
ing layer approaches the self-similarity, reaction is controlled by
mixing and combustion-released heat diminished. Droplets with
big evaporation delay retain dynamic effects on turbulence
dissipation rate. In addition, the mechanical work done by the
interphase aerodynamic drag acts as a consistent source to the tur-
bulent shear stress and in turn increases turbulence production
rate and TKE.

As summarised, better physical understanding of inert-droplet
and combustion effects on turbulence has been achieved using
data of DNS of temporally-developing turbulent two-phase react-
ing mixing layers. It will be valuable information for developing
physics-based RANS and LES models for turbulent non-premixed
gas combustion diluted with inert droplets. In addition, since dis-
tributing source terms of droplets as point sources traced in the
Lagrangian framework is a key procedure in the two-way coupling
of the mixed Eulerian–Lagrangian approach for simulation and
modelling of turbulent multi-phase reacting flow, different
source-term-distribution schemes have been compared and decent
agreement has been achieved between the cases using different
methods. This demonstrates that the numerics is sound and the
computer code MultiPLESTaR is well developed and imple-
mented, which will be the base for further research on the complex
turbulence–combustion–droplets interactions in engineering com-
bustion systems.
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